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We investigate lower bounds for 0((f)) - w((F)) that are independent of n. This 
difference is > -g(r) for all s > r and all n > 2s and is > 0 for all s > r + f (r) and 
all n > 2s. where the functions g(r) andf(r) are o(r). These functions are evaluated 
exactly for r ,< 10. In particular, g(1) =f (1) = 0, so that (:) has at least as many 
distinct prime factors as n for all s > 1 and n > s + 1. For the corresponding 
functions when finitely many exceptional values of n are allowed a method of 
Ramachandra gives the stronger estimate O(r “2ma). Similar results are obtained 
with Q in place of o. 
This paper investigates how far 0((p)) can deviate from increasing with r, 
for 1 < r < $n, where w(x) denotes the number.of distinct prime factors of x. 
The question arose when two colleagues, Dr. J. C. Lennox and 
Dr. A. G. Williamson, needed to know, for a proof in group theory, that for 
any constant u it is possible to choose n so that w((:)) > a for 1 < r < n - 1; 
and, in particular, they wondered whether n could be taken to be the product 
of the first a primes. One result of this paper (it was the first one found) is 
that 0((f)) > w(n) for 1 < r < n - 1, which confirms this. The cleanness of 
this inequality suggests that w((:)) might increase with r for 1 < r < in, but 
Prof. P. Erdos has pointed out (in a letter) that there are infinitely many n 
(- 70 (mod 72)) with w((i)) ( w((:)). H e suggested, however, that there 
might be a functionf(r) (depending only on r) such that for all n 
-((:))a-((F)) whenr+f(r)<s<$z. 
We show that there is such a function, and also a functon g(r) such that for 
all n 
when r < s < ;n, (2) 
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and we find bounds for them. Both functions are o(r); so cu((:)) increases 
with r in the large, uniformly in n for n > 2r. For the functions f,(r) and 
g,(r), defined like f and g except that (1) and (2) are required to hold only 
for sufficiently large n instead of for all n, we use a method of Ramachandra 
to get the much sharper upper bound O(r 1’2P6). (If Schinzel’s hypothesis is 
true, then the exponent cannot be improved beyond l/e.) In terms of these 
functions, our original inequality w((:)) > w(n) becomes f( 1) = 0 (or, 
equivalently, g( 1) = 0). We shall, in fact, evaluate/(r) and g(r) for all r up 
to 10 and f,(r) and g,(r), for all r up to 8. We also obtain corresponding 
results for Q((:)), where Q(x) denotes the total number of prime factors of x 
(counting multiplicities). In particular, we show that a((:)) > Q(n) for 
1 < Y < n - 1 and all n. 
1. THE BASIC INEQUALITIES 
The main results of this section are three lemmas that give lower bounds 
for o((,“)) - w((:)). Although they are similar in form, none of these lower 
bounds implies either of the others and all three will be needed in later 
sections. Lemma 1 depends on a result of Thue, derived from his theorem on 
rational approximations to algebraic numbers, but Lemmas 2 and 3 are 
entirely elementary. Lemma 1 also contains inequalities in the other 
direction, showing that the lower bound it gives is almost best possible if 
Schinzel’s hypothesis is true. Although Lemma 1 is much deeper than the 
other lemmas very few of our results use it. Lemma 4 essentially restates the 
results of Lemmas 1 and 3 for the particular case s = r + 1, giving very 
precise information about the possible values of w((~: i)) - w((:)). 
LEMMA 1. Assume that s > r. 
(i) If n is sufficiently large as a function of s, then 
w ((I))-- ((:))>s-r-l--((S))* 
(ii) On Schinzel’s Hypothesis H, there are infinitely many n with 
(iii) Without hypothesis, there are infinitely many n with 
w ((%))-- ((~))<(s-r)log(~-r)-w((~))+O(~-r). 
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Proof (i) A theorem of Thue [8, Satz 121 (see also [4, Satz I; 7, Satz 7, 
Zusatz 31) states that for any integer a # 0 there are only finitely many pairs 
of integers differing by a all of whose prime factors are less than s. It follows 
that if n is sufficiently large (as a function of s) then at most one of the 
numbers n - r, n - r - l,..., n - s + 1 has all its prime factors less than s. So 
we can choose a prime factor not less than s from each of s - r - 1 of these 
numbers. These primes are distinct, and each of them divides (z) but not (:). 
On the other hand, the identity 
(: )/(:)= (z)/(:) (3) 
shows that there are at most w((:)) primes that divide (F) but not (z). 
(ii) Take n = s + m(s!)‘, where m is an integer variable. Then ifp < s 
is a prime and i < s, the numbers n - i and s - i are divisible by exactly the 
same power of p. Hence neither 
nor 
n-r ( 1 s-r =Ej (41 
is divisible by any prime p < s, and it follows that (:I:) and ( “,) are 
coprime (because only primes less than s can divide both) and ( : ) and (s) 
are coprime (because the latter has no prime factor greater than s). So, by 
(319 
for such n. Each term of the product on the right of (4) is a linear 
polynomial in m with integer coefficients and constant term 1, so Schinzel’s 
hypothesis [6] (in the specialized form conjectured earlier by Dickson [ 11, in 
fact) would imply that there were infinitely many m such that each term is 
prime. For such an m, 
0 ((:I:))=0 j(rTi))=s-r. 
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By imposing extra congruence conditions on n we could, in fact, show that 
for any integer a > 0 there are infinitely many n with 
o 1(i))-w ((F))=-, i(r)) +a. 
(iii) Instead of Schinzel’s hypothesis we use Theorem 10.5 of [3] at the 
last stage of the argument. This gives infinitely many n E s (mod@!)*) with 
a ((Z)) < (s - r) log@ - r) + O(s - r). 
Remark 1. By Corollary 10.11.2 of 131, the O-term in (iii) can be 
replaced by (s - r)(l + y + log 2) + 1, where y is Euler’s constant. 
Remark 2. Part (iii) shows that f,(r) and g,(r) (and hence f(r) and 
g(r)) are unbounded. 
LEMMA 2. If n > s > r then 
where (s!)* is the square-free kernel of s! (that is, the product of the primes 
up to s) and n(s) is the number of primes up to s. 
Proof: For each prime p let p” and p” be the greatest powers of p that 
divide (: ) and (: ), respectively, and put z = u - p (so that r may be 
negative). The proof depends on finding an upper bound for p’ for all primes 
that divide (: ) or (: ). We separate these primes into four classes and use a 
different estimate for each class. Capital letters will be used to denote the 
classes, and the letter that denotes a class will also be used to denote the 
number of primes in the class (it will always be clear from the context which 
is meant). 
Class R: The primes that divide (: ) but not (t ). For these we have 
t < -1. By (3), these primes divide (f) and, in particular, are < s. 
Class S: The primes that divide (9) but not (v). For these we have p’ = 
p” < n, by Legendre’s well-known result on the power of p that divides a fac- 
torial. 
Class U: The primes p > s that divide both (“, ) and (‘j ). Since p > s, p 
divides none of the numbers 1, 2,..., s and at most one of the numbers n, 
n - l,..., n - s + 1. Since p divides ( : ) it divides one of the numbers n, 
n - l,..., n - r + 1, and p” and p0 are each equal to the greatest power of p 
dividing this number. Hence r = 0. 
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Class V: The primes p < s that divide both (:) and (:). For these we 
have p” < n/p. 
We now have 
so 
-1 
n 
since the primes in R and V are < s (and n > s). The lemma follows on 
taking logarithms. 
To state the next lemma we need some notation. We use (n), to denote the 
falling factorial n(n - 1) . . . (n - m + l), and put I(x, p) = [log x/logp] (so 
that P”~,~) is the highest power of p not exceeding x). Also W = W(r, S) will 
denote the set of all prime factors of s!/r!, with the qualification that if s - r 
is a prime and divides s exactly once then it is excluded from W. In accor- 
dance with the convention we have just been using, W may also stand for the 
number of primes in W. 
LEMMA 3. Ifs>r, n>2s and 
then 
(6) 
where t = s - r and (s!/r!)* is the square-free kernel of s!/r!. 
ProoJ We follow the proof of Lemma 2, but subdivide V into two smaller 
classes, V, and Yz, and use a different estimate for p’ for primes in V, . 
Class V,: The primes in V that divide no number strictly between r and s. 
For such p we have p > s - r, and hence at most one term in the numerator 
on the right of the identity 
( n n )I( 1 = (n-r)(n-r- l)...(n--s+ 1) S r (r + l)(r + 2) ... s (7) 
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is divisible by p. Suppose that p” 11 n - k, where r < k < s - 1 and a > 1. 
Then n - i is not divisible by p, for 0 < i < k - r - 1, since (n - i) - (n - k) 
lies strictly between r and s. If p” > r then II - k +j and j are divisible by 
exactly the same power of p for 1 <j < r. Hence 
n(n-l).+.(n-k+r+l) 
(k - r)! ,i=k-ri I 
is not divisible by p. It follows that p’ <pa < r. Moreover, if pls then 
pT <pa-’ < r/p. 
Class V2: The remaining primes in V. For these we use the estimate 
p’ < n/p, of Lemma 2. 
We now have 
= tq ,Ilr, $ IiJP 1 ,I P’(n-p’ ,.H, P”- x . . 1 2 I ’ 
x ,j J+ P’(r3p’9 
I ’ 
where X = W\(R U V, U Vz) and q is 1 if t is a prime that divides s exactly 
and is not in V, (and is 0 otherwise). The terms of the middle three products 
are all <n and are distinct unless some primes p in X are also in S and have 
I(n,p) = 1. However, for p in X we have p < s, and so 2p < n. Hence in each 
such pair of equal terms one of the p’s can be replaced by 2p, making all the 
terms distinct. Thus 
where 
Y=X+S+V2+IV,nWI 
~x+R+vz+/v,nwl+a, 
by the hypothesis of the lemma, 
L WfU, - since R U V, C W. 
(If t is a prime and divides s exactly, then it divides the denominator of (7) 
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exactly once and the numerator at least once, so is not in R.) This completes 
the proof. 
COROLLARY 1. Zf s>r and n>2s then 
a i(: ))-w ((;))>log 1 (g)* (: p (;j i/lw- 
s. I 
--w 7 +q, 
( 1 r. 
where 
q= 1, ifs-r is aprime and (s-r)lls, 
= 0, otherwise. 
Proof The falling factorial factor on the right of (6) is < n W+” and the 
product factor is < rz(‘). The corollary now follows on substituting 
w(( :)) - o((: )) for a and taking logarithms (since W = o(s!/r!) -- II). 
COROLLARY 2. Zf s > r and n is sufJcientl-v large as a function of s, then 
where yl is as in Corollary 1. 
Proof: Let n tend to infinity in Corollary 1 (or in the lemma). 
This lower bound never exceeds the lower bound of Lemma l(i) by more 
than 2 (and exceeds it by as much as 2 only in the exceptional case when 
q = 1). Also this lower bound is definitely the smaller whenever s is signifi- 
cantly larger than 2r (so that there are three primes between 4s and s - r). 
Nevertheless in the cases we are interested in (when s - r is small) the saving 
of 1 is often valuable. 
LEMMA 4. (i) For all r and n 
w ((r:l))-- i(:))>--(r+O 
(ii) For given r there are at most finitely man-v n that give equality in 
0). 
(iii) For given r there are infinitely many n with 
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Prooj Since (,J ,)/( “,) = (n - r)/(r + l), (i) is immediate; (ii) is a 
particular case of Corollary 2 to Lemma 3 (although a direct proof is easier); 
and (iii) is a particular case of Lemma l(ii), Schinzel’s hypothesis being 
needed only for a single linear polynomial in this case and so reducing to 
Dirichlet’s theorem on primes in arithmetic progressions. 
As with Lemma 1, there are infinitely many n with w((~: ,)) - w((: )) = 
a - w(r + I) for any a > 1. 
2. UPPER BOUNDS 
As indicated before, we definef(r) to be the least non-negative number (if 
any) such that (1) holds all n, and we define f,(r) to be the least number 
such that (1) (withf,(r) in place off(r)) holds for all n that are sufftciently 
large as a function of r. Similarly g(r) is the least number (if any) such that 
(2) holds for all n, and g,(r) is the least number such that (2) holds, with 
g,(r) in place of g(r), for all sufficiently large n. 
THEOREM 1. The numbers f (r) and g(r) exist for all r and satisfjj 
and g(r) = 0 
Proof: Since 
n ( l/i n s r 1 =G(n-r)(n-r- l)... (n--s+ 1) 
and log(n - i)/log n increases with n for n > i, Lemma 2 gives 
for n > 2s. Writing s - r = t and using 
1% :, ( 1 =mlog;+(n-m)log & + O(lw n) 
(which follows from Stirling’s formula) and CebySev’s theorem, we have (for 
n > 2s) 
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]w ((:))-- (i: ))/log2s 
>log (y)-loP (s~r)+~s~logP-log2s) 
= 2s log 2 - (s - t) log & - 0 + f> log $ + 0 (2) 
=-(s--)log (1 +A) -(s+t)log (l-&)+qi;) 
t2 
> --t + f + 2(s + t) +o A- ( i log s 
2 >&+0 -f- ( 1 logs ’ 
where we have used the inequalities log(1 + x) < x and log( 1 -x) < 
-x - +x2 for 0 < x < 1. This last expression is positive if t > As/log”‘s, for 
a suffkiently large constant A, and hence if t > Br/log”’ r (since if s > 2r 
then t > 4s). Soy(r) = O(r/log”2 r). 
The above inequality also gives 
0 (( ‘: ))-w ((: )) > -A’s/logZs, 
for some constant A’, and the right-hand side is greater than -B/r/log’ r ifs 
is O(r). If s is not O(r) then the left-hand side is positive (sincef(r) = o(r)). 
Hence g(r) = O(r/log’ r). 
THEOREM 2. The numbers f,(r) and g,(r) are both O(r’+‘), for any 
E > 0, where c = (4de - 3)/(1Ode - 9) = 0.4801.... 
Proof: In estimatingf, and g, we may suppose that s = O(r), since, by 
Theorem 1, w(( t)) > o(( T)) for all n if s is larger than this. This means, in 
particular, that the conclusion of Corollary 2 of Lemma 3 holds for n large 
enough as a function of r. Hence f,(r) is less than the largest t such that 
w((r + t)!/r!) 2 t. Erdiis and Selfridge [2] have given a simple proof that this 
largest t is O((r/log r)“‘) and say that O(r”2-S) seems to follow from ideas 
of Ramachandra in [5]. We show that this is so, with the exponent given 
above. 
Put a = log t/log s (where s = r + t) and let 
g(l -a)=pO<j?, < ... <p,= 1 -a 
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be a dissection of the interval ]5(1 - a)/6, 1 - a]. For i = l,..., m let Ni be 
the number of prime factors of s!/r! that lie between siPDi and s’-‘~~I, and 
let N, be the number of prime factors greater than s’P40. Lemma 3 of [5 ], 
with the exponent i replaced by (r and a more precise error term (as in 
Theorem 3.2 of [ 3 1, for example), gives 
Ni < ~loipPi-l)(l+o (j&J) + 
(9) 
for i = l,.... m, where z is arbitrary (and is the square of the z in 13 1). By 
Lemma 2 of ]5] 
R,=O sW3- I)/2d1/2 + shf2 log s + ($)“‘) log ,j, 
and hence the second error term in (9) is 
O((s (34i-1)/2~3/2 + s4i/2z + s1/3z2/3) log2 s). 
If we choose z = sd/log5s, where 6 = ~CZ + ; -pi then this is O(t/log s) (since 
pi > 5( 1 - a)/‘6). SO (9) g ives Ni < Bi for sufficiently large s (depending on 
A), where 
B,= t u(pi-Pi-l) 
I 
fCZ+$-Pi 
and A is any constant greater than 1. Now 
w(s!/r!) = 2 Ni + o(t), (10) 
i- 0 
since the prime factors of s!/r! not counted in the main term are less than t. 
Also every prime factor >t of s!/r! divides (:), and so 
+ N,(l -pi)logs<log 
,TO (11) 
< t( 1 - a) log s + O(t) 
if t > s]‘~, say, by (8). If No is decreased and N,, N, ,..., N, are increased in 
such a way that the right-hand side of (10) is unaltered, then the left-hand 
side of (11) decreases. (This is equivalent to saying that (:) has, for its size, 
as many distinct prime factors as possible when it is a product of distinct 
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prime factors that are as small as possible subject to the established 
constraints.) Also 
fj Bi(l -Pi)+ 24r,f5~~~a,,6 +l+j!p dp 
i=l 
+At(l -a) 1+41og 
! 
9u - 3 
lOa- i 
as the dissection is relined, so that 
-Y- Bi(l -pi) log s > log 
s 
ikl 0 
t 
provided that 
3 
A>- 
1 + 4L (12) 
(where L = log { (9a - 3)/( 10a - 4)}), the dissection is line enough, and s is 
large enough. So if these conditions are satisfied then N, can be decreased to 
0 while each other Ni remains less than Bi, and we have 
= 2AtL 
as the dissection is refined. Hence if A can be chosen to satisfy 3/( 1 -t 4L) < 
A < 1/2L (and A > 1) and s is large enough then o(s!/T!) < t. It is possible 
to choose A to satisfy these inequalities when L < 4, which is so when a > c. 
It now follows from Corollary 2 of Lemma 3 (or, equally well, from 
Lemma 1) thatf,(r) = O(s”‘) = O(Y’+‘). This means that w((: )) > w(( F)) 
when t is greater than a certain constant multiple of T’ “. For t smaller than 
this we have, by Lemma 1 again, 
= o(rc+y. 
so g,(r) = o(rc+‘). 
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Remark. The proof of Theorem 1 shows, more generally, that for any 
number a > 0 there is a numberf(r, a) such that 
> a when r +f(r, a) < s < +n, (13) 
and, in fact,f(r, a) = O((r*/log r + ar log r)“’ + a log(a + 1)). Likewise, for 
the corresponding number fm(r, a) (defined by requiring (13) to hold only 
for sufficiently large n) we have the same upper bound as for f,(r) when 
a = O(rc) and the upper bound O(a log a) when a > rl’*, but the best upper 
bound given by the argument is more troublesome to determine in this case. 
3. SMALL VALUES OF r 
In this section we use Lemma 3 to evaluate f(r) and g(r) for all r < 10. 
We also evaluate f,(r) and g,(r) for r < 8. 
If r and s are fixed and a < t - W then (6) is false for large n. 
Furthermore, if (6) fails for some n > 2s then it fails for all larger n (since 
(n - r - i)/(n - i) increases with n for i = 0, l,..., t - 1). So if W < t and 
n,(r, s) is the smallest value of n > 2s for which (6) (with a = -1) fails, then, 
by Lemma 3, w((?>> > 4(: >I f or all n > n,(r, s). Also (6) with n = 2s is 
false for large s, since the logarithm of the right-hand side is asymptotically s 
and of the left-hand side s(1 + log 4). To find f(r) we need to know from 
what point onwards n,(r, s) = 2s. If s > 3r then (s!/r!)* = (s!)* (since t > r, 
so that every prime p < r has a multiple between r and s), W is the set of all 
primes up to s (since t > 4s does not divide s), and the product on the right 
of (6) is 1. Hence for s > 3r, a = -1 and n = 2s the negation of (6) is 
(2s - r)( r! > (2s),(+ I s!/(s!)*. 
Increasing s by 1 multiplies the right-hand side of (14) by 
(14) 
(2s + 2)(2s + 1)/(2s - n(s) + 2) 
if s + 1 is prime and by 
(2s + 2)(2s + l)(s + 1)/(2s - z(s) + 2)(2s - n(s) + 3) 
if s + 1 is composite, and since n(s) < 4s + i each of these numbers is 
<4(2s + 1)/3. The left-hand side, on the other hand, is multiplied by 
(2s + 1 - r)(h + 2 - r) 
ssl 
>; ++1 >$(2s+l) 
i 1 
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TABLE I 
123456 7 8 9 10 11 12 13 14 15 16 17 18 19 
3 10 13 15 
4 17 14 23 20 
5 12 14 56 31 28 21 29 
r 6 67 73 79 46 51 36 39 35 34 33 35 
7 428 435 I91 198 65 68 35 42 39 41 40 42 41 
8 849 185 43 286 294 117 61 50 52 48 50 48 47 46 48 
9 73 81 281 59 38 172 76 80 62 65 58 54 52 54 53 53 53 
10 2531 90 99 52 105 251 260 99 103 76 66 61 63 60 59 58 57 57 59 
Nofe. Numbers in boldface are n- ,(r, s). 
when s is increased by 1. So if n,,(r, s) is 2s for some s > 3r then it is for all 
larger s too. For r = 1 and 2 we have n,(r, s) = 2s for all s > r. Hence 
f(r) = g(r) = 0 for r = 1 and 2. Table I gives the values of n,(r, s) for r = 3 
to 10 and t = 1 to 2r. (A blank space indicates that n,(r, s) = 2s.) In each 
case n,(r, 3r) = 6r. Boldface entries indicate values of r and t for which 
W > f. and for these we have tabulated n- I(r, s) (the smallest value of n > 2s 
for which (6) fails with a = -2) instead of n,(r, s). Thus w(( : )) > w(( y )) - 1 
for all n > n _ l(r, s). Nowhere in the range of the table does it happen that 
w>t+1. 
The case r = 4, s = 7 needs special treatment. For this we have ( ; )/( i ) = 
( “y4)/35, so 5 and 7 are the only primes that can divide (I;) but not (;). 
For n > 14, (n - 4)(n - 5)(n - 6) has at least two distinct prime factors 
different from 3, and if there are only two, one of which is 2, then 8 divides 
one of n - 4, n - 5, it - 6. If either of these two primes is 5 or 7 then it does 
not divide the denominator of ( ; )/(: ), if it is any other prime then it divides 
(; ) but not (: ). Hence w(( ; )) > o(( “4 )) for all n. 
For r = 5, 8, 9 and 10 we have o(( ‘,“)) ( w(( ‘,‘)), o(( iy)) ( w(( ‘,“)), and 
w(( fi)) < w(( y)) and o(( :i)); that is, for the largest t with W > t there is 
an n with w((:)) < o(( :)). So f( ) r can be calculated, for r < 10, by 
evaluating o(( z)) for all s < 3r and all n < n,(r, s) (or n-,(r, s), when 
W > t) and finding the greatest s for which w(( ‘j )) < o(( F)) for some n in 
this range. Also g(r) is the greatest value of o((: )) - w(( y )) for s and n in 
these ranges. I have done these calculations on a microcomputer, with the 
results shown in Table II. A fact that greatly simplifies the calculations is 
that since primes p > drr divide (: ) at most once, by Legendre’s result, it is 
not necessary to factorize numbers completely to find w((: )). For each 
number that occurs in building up ( :) it is enough to’know what powers of 
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TABLE II 
r I-345678 9 10 
f(r) 0 14213 5 4 
g(r) 0 III11 I 2 
Sr(r) 0 0 1 0 0 0 Ior 0.2or3 
g,,(r) 0 01000 I Oor 1 
the primes up to 19 divide it and how many prime factors greater than 19 it 
has. (Values of n,(r, s) greater than 23* occur only for r = 8 and 10 and 
s = r + 1, and for these r and s we only need to know that w(( i)) > 
o(( ‘: )) - 1 for all n, which follows from Lemma 4(i).) 
All the values off and g in Table II are accounted for by ( :“), ( *,“) and 
(‘,“) having abnormally many distinct prime factors and (7 ) and (:i) 
having abnormally few. In the case r = 10, as well as ( f,“) having abnor- 
mally few prime factors ( :i) has abnormally many. 
Table II also gives the values off, and g,, for r < 8, and the range of 
possible values of these functions for r = 9 and 10. These values are 
calculated from Lemma l(i), Corollary 2 of Lemma 3. and Lemma 4, except 
that the cases r = 5, s = 7 and r = 8, s = 11 need special treatment, as 
follows. 
We have ( ; )/( : ) = ( “y5 )/21. Any prime greater than 7 that divides 
( ‘;’ ) divides (‘j ) but not ( : ), and if 25 divides ( “;’ ) then 5 divides ( y ) but 
not ( : ). Hence if w(( Q! )) < w(( : )) then ( “; 5 ) is a product of a power of 2, 
perhaps 5, and at most one other prime power. Also 8;l(n - 5), since then 2 
would divide (;) but not (;) (and n - 6 would be divisible by 25 or a prime 
other than 2 and 5). So if n > 25 we have n - 5 =p” or 5pa and n - 6 = 24 
or 5.2”, for some prime p. If p # 3 then 9 I(n - 7), since otherwise ( ; ) would 
be divisible by 3. If n - 6 = 2O then 2” = f 1 (mod 9), so /I = 37. Hence 
n - 5 = (2y+ 1)(22y- 2y+ I), which is impossible for large II since the 
factors on the right have highest common factor at most 3. The remaining 
possibility is n - 6 = 5.2’. Then ( : ) is divisible by 5, so ( ; ) is divisible by 5 
too, which czn happen only if n - 1 = 5(2D + 1) is divisible by 25. Hence 
24 = -1 (mod 5), so /I = 2 (mod 4). Now n - 7 = 5.2” - 1 is not divisible by 
9, so p = 3. This makes 5.2O + 1 divisible by 9, which implies that 
/I= 4 (mod 6). Hence /I- 10 (mod 12) and 5.2” = 11 (mod 13), but this is 
impossible since no power of 3 is congruent to 12 (mod 13). 
For r = 8, s = 11 we have ( ;I )/( i ) = (“j ‘)/3.5.11. If (‘3’) is divisible 
by 24 or 7* then (i ) is not divisible by 2 or 7, respectively. Hence for any 
primep other than 3, 5 or 11, if (“J’) is d ivisible by a power of p greater 
than 8 then p divides ( ;, ) but not ( G ). But if n is large enough ( ‘J * ) has at 
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least three distinct prime power factors greater than 8, and so w(( ;, )) > 
w(( rd 1). 
The probable value off,(9) is 2, since if p = 7 (mod 1980) is such that p 
and (2p + 1)/3 are both prime then w(( :, )) < o(( i )) for n = 2p + 10. and it 
is likely that there are infinitely many such p. The probable value of f,( 10) 
is also 2. If p = 1 (mod 2433 11’) and p and 2p - 1 are both prime then 
w(( ;*)) ( w(( FO)) for n = 2p + 10, and on Schinzel’s hypothesis there are 
infinitely many such p. (Hence g,(lO) is almost certainly 1.) On the other 
hand, ( ,‘3)/( ,$)= (“;“)/2.11.13 and if (“5’“) is divisible by 5’ or 7* then 
( ,‘o) is not divisible by 5 or 7, respectively. So iff,( 10) = 3 then (“j’“) is 
infinitely often a product of a factor of 35, a power of 3, and exactly two 
other prime powers. This seems unlikely. 
By an extension of the calculations needed to compile Table II we have 
identified all instances of o((: )) < w(( F)) for s > I with r < 8. (Except for 
r = 5, s = 6 there are only finitely many of them.) They are listed in the 
following theorem. 
THEOREM 3. We have u((:))<u((:))forall r<8, s>r and ,n> 2s 
apart from the following exceptional triples (r, s; n) (and for each c?f these 
4( : 1) = 4( “, 1) - 1): 
(4. 5; lo), (5, 6; 25), (5, 7; 25), (5, 8; 25). (5, 9; 25). 
(6, 7; 18), (6.7; 26) (698; 26), (638; 27), (7.8; 27), 
(8. 9; 20), (8, 9; 50), (8, 9; 128) (8, 10; 20), (8, 11; 50) 
(5,6; q + 5), q a prime power ~1 or 65 (mod 72) 
(5,6; 5q + 5), q a prime power ~29 or 229 (mod 360). 
In particular, w(( F)) < o(( :)) for all r < 3. s > r and n > 2s. 
The methods of this section can also be used to identify all instances of 
w(( Y 1) 4 w(n). 
THEOREM 4. The only exceptions to w(( i)) > w(n) for s > 2 and n > 2s 
are s = 2, n = 2 (mod 4), n - 1 a prime power, and s = 3, n - 1 a prime of 
the form 2*” + 1 with N odd. (The only known primes of this form are 5 and 
257.) 
Proof: From Lemma 3 with r = 1 and a = 0 it is easily shown that 
o(( % )) > o(n) for s > 4. Clearly w(( 1)) = w(n) precisely when n -- 1 is a 
prime power congruent to 1 (mod 4). Also w(( ‘j )) = o(n) if and only if 3 11 n, 
n-l=puisaprimepowerandn-2=2”isapowerof2.Sincen--2-1 
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(mod 3), p is even; and since, by a well-known result of V. A. Lebesgue, a 
square plus 1 is never a perfect power, a = 1. Hence n - 1 is a Fermat prime 
22N + 1. Also 3 )I n if and only if N is odd. 
4. RESULTS FOR 52((y)) 
We now obtain corresponding results for Q(( 7)). where Q(x) is the total 
number of prime factors of x (counting multiplicities). We define functions 
F, G, F, and G, exactly likef, g, f, and g, but with fi in place of w. 
Theorem 5. The numbers F(r) and G(r) exist for all r and satisfy 
F(r) = 0 
r(log log r)’ r(log log r)” 
log r 
and G(r) = 0 
log3 r ’ 
ProoJ: We put t = s - r, as before, and assume throughout that 
t > s/log s and s is large. Since Q is completely additive 
Q ((:)p ((: ))=O ((: i/t: )) =lJ (F/C)) 
=Q ((“7 ))-Q (i:)). 
We need a lower bound for Q(( “;‘)) and an upper bound for a((:)). 
Since ( “;‘) has no prime factors greater than n - r we have 
R ((“T’))>log (,1.‘)/log(n-r) 
> log 
( )/ 
ST, log(s+t) 
log(1 + x) > x log 2 for 0 < x < 1, we obtain 
n ((“,‘))> jtlog~+slog~+O(log(s+t)) 
>t /log;+l+ (iog2-f)#ogs(l 
for n > 2s, since log(n - r -j)/log(n - r) increases with n for j > 0 and 
n > r +j. On using (8) and the facts that log(1 + x) > x - fx’ and 
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The number of prime factors of (:) greater than s/log3 s is 
<log ; ( )I log(s/log3 s) 
<t jlog;+lj/logs (1+0(‘o;‘g”~s)j, 
by (8). By Legendre’s result, if p” divides (s) then a < [log s/logp]. Hence 
Q))<r jlog~+l~/logs(l+O(lo~~~s))+ 
log s 
+ -7 - 
P<szg3s 1% P’ (16) 
and the last term on the right is 
O(s/log3 s) = 0(r/log2 s), 
which can be absorbed into the error term. 
The right-hand side of (15) is greater than the right-hand side of (16) if 
;>A /log;+ 1) “,;,’ 
for a suffkiently large constant A, and this is so if 
t > A s(‘og loi2 s12 
log s 
and hence if t is greater than a large multiple of r(log log r)2/log r, since if 
s # O(r) then t > &s. So F(r) = O(r(log log ‘)*/log r). From (15) and (16) we 
also have, for some constant B, 
i-2 ((I))-Q ((“;‘))<Bt (log;+ I)loglogs/log’s 
if t = O(s(log log s)2/log s). Since s = O(r) for such t and Q((:)) < a(( “;‘)) 
for larger t, G(r) = O(r(log log ‘)4/log3 r). 
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Remark. Again we have, more generally, that for any a > 0 the least 
number F(r, a) such that 
satisfies 
r*(log log r)4 10 
F(r, a) = 0 
log2 r 
+ ar log r 
THEOREM 6. The numbers Fan(r) and G,(r) are both O(r’*‘), for any 
E > 0, where C = (Sde - 3)/(20,/e - 12) = 0.4858... . 
Proof: In view of Theorem 5 we may suppose that s = O(r) in estimating 
F, and G, . We have 
and Q(( “;‘)) > t if n is large enough as a function of s. (In fact, if n > s + t! 
then each of the t numbers n - r, n - r - l,..., n -s + 1 in the numerator of 
( “lr) has a factor that is not cancelled by the t! in the denominator.) Hence 
F,(r) is less than the largest f such that Q((:)) > t. As with o, Erdijs and 
Selfridge’s argument can be used to show that this largest t is O((r/log r)“‘), 
but this estimate can be sharpened to O(rC “) by using Ramachandra’s 
ideas. 
We put a = log f/log s, as in the proof of Theorem 2, and let 
l&(1 -a)-+&<& . . . <pm= 1 -ff 
be a dissection of the interval [ ll(1 - a)/6 - l/2, 1 - a]. On defining Ni for 
i = O,..., m as in the proof of Theorem 2, we again get Ni < Bi for i > 1 if 
a < 4, since pi > 1 l(1 - a)/6 - l/2 > 5( 1 - a)/6 for each i. (For a > + we 
can either rely on Erdijs and Selfridge’s argument or else use the proof of 
Theorem 2 and the fact that (:) is not divisible by the square of any prime 
greater than s”‘.) W e now write NI for the sum of the multiplicities of the 
prime factors of (:) between s’-~; and s’-‘~~I (or greater than s’-~o, in the 
case of Nh). Then, by Legendre’s result, N; = Ni if pi < i and N; ,< 2Ni if 
pi > t (and a > j). So, in either case, N; < aiBi, where a, is 1 if pi < f and 2 
if not. By a further use of Legendre’s result, 
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(17) 
and 
s 
\“- N((l -pi)logS<log I 
,ro 0 
< t(1 - a) log s + O(t) (18) 
ift>s ‘j3, by (8). As in the proof of Theorem 2, increasing the other Nf’s at 
the expense of Nh decreases the left-hand side of (18) without altering the 
right-hand side of (17). Also 
J 
.I -a  
+ 4At 1-P @ 
I/2 $a++-p 
=+At(l-a) 1 +41og 
1 
12a-3 
20a - 8 1 
as the dissection is refined, so that 
f! UiBi( 1 -pi) log S > log 
S 
,r, 0 t 
provided that A > 3/(1 + 4~5’) ( w h ere L’ = log{(l2a - 3)/(20a - 8))), the 
dissection is fine enough, and s is large enough. Hence, if these conditions 
are satisfied, 
:’ N!< -? a.B,+Ut @ -I AI + 
i=O i=l ;a + + -p 
.I -a 
+ 4At J 
@ = 2AtL’ 
l/2 $a++--/3 
as the dissection is refined. As in the proof of Theorem 2, it follows that if 
L’ < 4 (which is so when a > C) and s is large enough then LI((f)) < t, and 
hence that F,(r) and G,(r) are both O(rC+‘). 
641/15/2-6 
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THEOREM 7. For all s > 2 and n > 2s we have 
with equality only when s = 2 and n - 1 is prime and when s = 4 and n = 8. 
ProoJ We have 
R n 
(i i) s -a(n)=Q (( 11: )) -Q(s). 
Clearly a(s) < log s/log 2, and, since (If:: ) has no prime factor greater than 
n- 1, 
> 
log s 
-, for s > 29. 
log 2 
For 3 < s < 28 the only exceptions to 
(s-1)(1- ,~y,:)>a(s) 
are s = 4, 6, 8, 12 and 16, and for these we have 
for n > 29, 16, 32, 29 and 42, respectively. Thus for s > 3 the theorem 
reduces to a small number of cases which can easily be checked. For s = 2 it 
is clear. 
Remark. This shows that F( 1) = G(1) = 0. For other small values of r. 
F(r) and G(r) can be evaluated similarly. 
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5. RELATED RESULTS 
Theorem 2 of [2] states that, for a suffkiently large constant A, there are 
infinitely many I such that w((r + t)!/r!) < t for all I greater than ,4r"'. In 
view of Corollary 2 of Lemma 3 (or Lemmal(i)) this implies that there are 
infinitely many r withf,(r) = O(r”‘). More precisely, we have 
THEOREM 8. There are inj%itely many r for which f, (r) and F,,(r) are 
O(r”‘) and g,(r) and G,(r) are O(r”‘/log r). 
Proof This is essentially Theorem 2 of [2], but because of misprints and 
obscurities in the proof we give a self-contained corrected version. 
For any large X let U(i, X) be the number of prime factors of i (counting 
multiplicities) that lie between AX”’ and 2X, for a suffkiently large constant 
A. Then 
if A is large enough. Now choose r to be the number between X and 2X for 
which the running sum 
is greatest. For this r we have 
r+f 
1 U(i, X) < t 1 - 
i-r+ I ( &I 
(19) 
for t < 2X - r. Since S(X, X) = 0, S(2X, X) ( - 4X/lag X and increasing r 
by 1 decreases S(r, X) by less than 1, we also have r < 2X - 4X/lag X, and 
hence (19) holds for t < 2r/log r. By Legendre’s result 
if t < 2r/log r, and this is less than t when t > Br’le for a suffkiently large 
constant B. If t > 2r/log r and r is large enough then Q((r:‘)) < t by the 
prime number theorem. Since w((~:‘)) < Q((‘:‘)), Lemma l(i) givesf,(r) = 
O(r’le) for this r, and F,(r) = O(r”e) follows from the facts that 
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Q(( :)) - a(( T)) = a(( “;‘)) - Q((:)) and a(( “;‘)) > f for large II. 
Similarly, g,(r) and G,(r) are both 
O(X’le/log X) = O(r”‘/log r) 
for this r, by (20). 
Finally we investigate the point beyond which Theorems 2 and 6 cannot 
be improved. 
THEOREM 9. (i) On Schinzel’s Hypothesis H, there is a constant A such 
that there are infinitely many r with f,(r) and F,(r) greater than ArIfe and 
g,(r) and G,(r) greater than A@/log r. 
(ii) Without hypothesis, there is a constant A such that there are 
infiinitely many r with fm(r), F,(r) and g,(r) greater than A log r/log log r 
and G,(r) greater than A log r. 
Proof. For any large X and Y with Y < X let u(i, X, Y) be the number of 
distinct prime factors p of i with Y <p < 2X. Then 
2.Y 
\‘ 
i:xt I 
u(i,X,Y)> x X- 1 
i i Y<P<ZX P 
>x loglogX-1oglogY+O - c 1 i 11 log x . 
By dissecting the sum on the left into pieces of lengths between +Y and Y we 
can find a t in this range and an r with X < r < 2X - t such that 
rtf 1 
_ u(i,X,Y)>t loglogx-loglogY+O - \‘ 
i-r+1 ( i 1) log x 
. (21) 
The left-hand side of this inequality is a lower bound for w((‘T’)). Taking 
Y = aX’le. for a sufftciently small constant a, gives an r > X and a 
t > fax”’ such that 
The proof of Lemma l(ii) now gives, on Schinzel’s hypothesis, infinitely 
many n such that w((: )) - w((: )) and Q(( F )) - Q((: )) are both greater 
than t/logX > Ar”‘/log r, where s = r + t. (With R in place of w, (5) is 
trivia1 even without any restriction on n.) This proves (i). For (ii) take 
Y = 2A log X/log log X in (2 l), with A sufficiently small as a function of B. 
Then A((‘:‘)) > tlog t + Bt, and the lower bounds for foe(r), F,(r) and 
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g,(r) follow from Lemma l(iii). The lower bound for g,(r) can also be got 
more trivially by taking t = 1 and using Lemma 4(iii), and the lower bound 
for G,(r) is completely trivial on taking t = 1. 
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